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1. INTRODUCTION 
In [2] I characterized the automorphisms of PSL,(M) where M is a free 
module of rank two over a commutative integral domain D under the following 
conditions: (1) SL,(M) g is enerated by elementary transvections and (2) if 
char(o) = 0, then n contains a unit E such that e4 f 1. The purpose of the 
present paper is to treat the case where the characteristic is zero and the units 
are exactly the fourth roots of 1. 
As in [2] we introduce the following notation: Let o be a commutative 
integral domain, F the field of fractions of n, V a two-dimensional vector space 
over F and {x, y] a basis for V. Then M = ox + ny is a free module of rank 
two over o and we can define 
and 
SL,(M) = {(I. E SL,(V) 1 a(M) = M} 
PSL,(M) = SL,(M)/{ f l}. 
We have the natural homomorphism -: SL,(M) + PSL,(M). We will write 
SL, and PSL, for SL,(M) and PSL,(M). Hereafter let 
2. TRANSVECTIONS 
A transvection is an element IT of SL, such that, for some nonzero u EM, 
T(U) = u; a p-transvection is an element ? E PSL, where Q- is a transvection. 
If a transformation 7 fixes every vector of a line (one-dimensional subspace) 
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L of V, L is called a proper line of 7. It is clear that T E SL, has a unique 
proper line if and only if 7 is a transvection not equal to 1. The set F(L) of 
transvections with proper line L is an Abelian [2, I.53 group. Any group of 
p-transvections is contained in F(L) for some linei, [2, I. 11. In particular, any 
group of p-transvections is Abelian. It is clear that for lines L and L’, if 
.L f L’, then Y(L) II Y(L’) = (1). 
LEMMA. Let T # (1) be an Abelian subgroup of PSL, s Then T consists 
entirely of p-transvections if and only if T contains at least one nontrivial 
p-transvection. 
PYOOJ. One implication is obvious. For the other, let 7 be a nontrivial 
transvection such that Q E T. Then in some base for VY T has a matrix T(r), 
Y f 0. Take 6 E T and let o have the matrix cb d) _ a ’ iq t 5 saxxe basis. Since T hi 
is Abelian, 
hf b f 0, the (2,l) entry equation indicates that the sign on the right must be 
“+“. But then the (1,l) equation gives b = 0. So b must be zero. By the 
determinant equation, ad = 1 so, in particular, a # 0 and the (1.1) equation 
shows again that the sign is “+“. Now, by the (1,2) equation, a = d. So 
a=d= & 1. And ii is a p-transvection. 
3. PRESERVATION OF TRANSVECTIONS 
For any line L and any subgroup A of SL, 9 let r(L, A) = Y(L) /i 
Whenever we say that d is a subgroup of PSL, , A will satisfy d = 
(oESL, /FEZ}. 
THEOREM. Suppose the characteristic of o is 0 ar,d the units acre exactly +I - 
and ii where i2 = - 1. Let A be a subgroup of PSL, and let A be aa aato~oy- 
phism ofd. Let u E M. If there is a vector v E M and a fractional ideal 
such that M = ‘3~ + QIv, then A(Y(Fu, A)) = 5’(L, A) for some line 
Proof. ket F = Y(Fu, A). If F = (l), the result is clear. So suppose 
A contains a nontrivial transvection with proper line Fu. Claim: it is sufhcient 
to prove that rly contains at least one p-transvection. For, if so, then by 
the lemma, AT consists entirely of transvections and, by the rema 
the lemma, we must have ./ly _C Y(L, A) for some line L. 
il-r(Y(L, A)) is an Abelian subgroup of PSL, which contains a -- __- 
p-transvection, so A-l(Y(L, A)) C 9(L’, A) for some 1ineL’. So .F C 
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and, again by the discussion preceding the lemma, L’ = Fu. So 7 = T[L’, A), 
therefore, AP(Y(L, A)) C y and we are finished. 
So it remains to find a nontrivial transvection in fly. Let E be an algebraic 
closure of F and let V, be the E vector space obtained by extending the field 
of scalars of V. Denote by 2, the extension of any Z E SL, to the larger space. 
If any transformation Z has a matrix A in a certain base, we will say that c 
has the “matrix” A = (&A}. For the rest of the proof, whenever 7 E A, 
let (J be such that fl? = 0. 
Now, if any ZE SL, has equal characteristic roots, then Z, has a matrix 
(X i) in some basis for V* . The determinant equation gives e2 = 1, so 
E = f 1 and Z.+ has as a characteristic root either + 1 or - 1. So 2 does also, 
and either 2 or -Z fixes a vector of V, hence, a vector of M. In either case zi 
is a p-transvection. 
So it is sufficient to show that, for at least one 7 E 9, u has equal charac- 
teristic values. Suppose not and let i: be an arbitrary nontrivial element of 7. 
Then 7 has a matrix T(r), r EF, Y # 0, in the basis {u, V} for V and o* has 
a matrix D(a), a E E, in some basis for V, . Now (~1, U> is a basis for V, . 
Change /l by a similarity transformation in such a way that the new (3 actually 
has the matrix D(a) in {u, v}. /l is no longer an automorphism of 2, but it is 
an isomorphism of d into PSL,( V,). F rom now on refer to all transformations ~~ 
by their matrices in the base {u, u}. We have fl(T(r)) = D(a). 
Now any T(s) Ed permutes with T( Y , so fl( T(s)) must permute with D(a). ) 
The equation 
yields ol-%z = &am (( 1,2) entries), that is (a2 f l)m = 0. If 01~ = iI, then -- __ - 
/i(T(C)) = /~(T(Y))~ = 0(01)~ = i which cannot happen because /l is an 
isomorphism. So we must have m = 0. Similarly, 1 = 0. And by the deter- 
minant equation, n = K-i. In particular, then, /l(T(s)) is a diagonal matrix. 
-7 
Apply /l to the equation D(i)T(r) = T(r)-lD(z) and use an argument 
T o--- similar to that in the last paragraph to get fl(D(z)) = D (7) for some 7 E E. 
Change fl again: Let the new fl be the old one followed by the map 
__- __ - 
Then /l(T(r)) = D(a) as before and .A(D(i)) = Do(i). 
Now let 
A(DO(1)) = (; ;j. 
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We must have (g 2)” = 41 so either b = c = 0 or a = -d. Suppose 
bt = c = 0. Then u2 = d” = 11 and the determinant equation gives 
ad = 1. If a2 = a? = 1, then a = d = &:1 so that A(P(l)) = T, which 
cannot happen. If a2 = dZ = - 1, then a = =i and d = a-l = -a’. So, 
in any case, d = -a and we have 
A(DO(1)) = (l .f,) with 2 + bc = 4. 
Now D(i) Do(l) D(i)-l = D*(l)-“, and applying A. we get 
Suppose a = 0. Then A(P( 1)) = D*( ) c an an application of .A using the d 
equation (D(i) D”(1)j2 = D(-1) g ives (DO(i) II”(c))B = Z)(-~C-~)~ = +I 
which implies that c2 = f 1 so c = &I or &. hen 
A(DO(l)) = D”(x) = AD( ) h h _7 iw ic cannothappen.Soc 
O(I). 
Now suppose a # 0 in (1). Then the sign on the right side of the equation 
must be “+” and so b = --c. Therefore, in any case, we can write 
A(m) = (; 1;) 
Note &be following: 
with 6” - a2 = 1. 
l_l - _I 
A(Tt(r)) = Apyl)) A(T(r))-1 A(LP(l)>-1 
i 
-&-1 + #?$a 
= 
-ab(oc - cc”)\ 
ab(n - a”) -& + &-lj’ 
Now r can be any element of o depending on choice of r. Choose T so that 
r = 1 and consider the identity T(1) Tt(-I) T(l) = P(1). Applying A 
we have 
which becomes 
! --ah3 + b”cn --nb(n - a-‘) 
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Now 6 cannot be zero because (F 1:) cannot permute with D(a), so 
1 
a=&-------. a - 01-l (2) 
-- 
Now let A(T(i)) = D(p) (recall that this matrix must be diagonal). Then 
A( P(i)) = A(DO( 1) T( -i) DO( 1)-l) 
By the identity T(i) F(i) T(i) = D(i) Do(l) we have 
-ab(/3 - (8-l) 
W) j;;;;-:py +zp + b2p-1 j w = -+DO(i) (; 133 
which becomes 
i 
-a2,G + b2j3 
ab(P - P-‘1 
Because of (2), a cannot be zero, so a comparison of (1,2) entries gives 
Now (2) implies l/a2 = (CY + ,-I)2 - 4. But II(ol) = A(Z’(l)), so II(ol) is 
similar over E to a matrix with entries in O. So 01 + 01-l = trace(D(a)) E O. 
Therefore, l/a2 E o. Moreover, (3) implies l/b2 = -(p + ,k’)” + 4 E 0, 
again by a trace argument. 
But b2 - a2 = 1, so we have a2/b2 = (b2 - l)/b2 = 1 - (l/b2) E o and 
b2/a2 = (a2 + 1)/a” = 1 + (l/us) E o, and, therefore, a2/b2 is a unit of o. 
Since o has only the units fl and &ti, we are left the following possibilities: 
(i) as = &bz and (ii) a2 = &b2. 
Case (i). Here we have 1 = 62 - a2 = a2(&l - 1). The “+” gives 
a contradiction, so we must have u2 = - Q and b2 = $. But, by (2), 
0 = C? & (l/a), - 1 and so 
a: = ddU4 rt ((l/u”) + 4Y2 
2 
. 
This gives 
Cl!= 
iw- W2) i (F-2 + w2 = (*-; * 1>(.p2,2) 
2 
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where any one of the four possible combinations of signs may occur. 
cases OF = 3. So J?‘(l))* = i which cannot happen. 
Case (ii). Here 1 = ba - a2 = a2(& - 1) so that a” = 4/(&i 
a2 -;- 1 = l/(&i + 1) (pluses together and minuses together). 
at by (2) and (3), l/(ab) = +i((@ + CY-~/W) - (a@-” + &/!3))~ Bus: 
----r 
a$ + IY’/T-~ is the trace of A( T(1 -+ z)) and c$-r -+ a-rp is the trace of --- 
A(T(1 - i)), so both of these quantities are in o. So I/(ab) E D. But l/(ab) = 
-&(A2 - 1)1Jy& + l)lj2 = &i2l/2, so 2112 ED. exe, W -L 1 E Q and - 
(2”i2 + 1)(21/a - 1) = 1 which contradicts the assumption that n has on,hy 
the units &I and fi. 
The assumption that A(T(1)) has unequal characteristic roots has led to 
an absurdity in all cases. So the roots must be equal. This completes the proof, 
4. THE MAIN THEOREM 
Recall that 144 = ox + oy. We now know that p-transvections in d with 
proper lines ,F,lc, Fy, and F(x + y) are carried by A to p-transvections when 
the units of o are -&l, -&. So the proof of I.9 in [2j goes through in this case. -- 
ecause the present theorem shows that T(Fx) and 5iiy) are carried onto 
themsehes by any automorphism of PSL, which fixes T(1) and P(X) (in the 
base (x, y)), the proof of V. 1 of [2] g oes through also. So we have the following. 
NlAm ~~HEORENI. Let D be a commutative integral dmnai~ such that either 
(i) char(o) = p > 0, OY (ii) char(o) = 0, an d 0 contains a unit E sucda that 2 5 1~ 
Suppose, further, that SL, = E(x, y), Th en azy ~~to~o~~~is~, A of PSL, is 
of the form 
A = is, 0 r, 
where (a) g is a linear isomorphism of V onto Y such that g(M) = 
some invertible fractional ideal % of D and (b) I’ is induced by an W-ati 
ofo. 
Here the definitions, from [2j, are as foilows: is defined by (G) = 
g$j-r for u E SE, ~ E(x, y) is the subgroup of SL, generated by T(Y) and F(T), 
all Y E Q, in the basis (x, y}. Let nF be the set of all o! EF such that 
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for some finite set {rl ,..., ~3 C I). An R-automorphism of D is a mapping 
*: oF -F F such that o* = o, *lo is injective, and 
6) WY = l/P*, (P f Oh 
(ii) (a + p)* = 01* + /?*, 
for any 01 E o, /3 E oF. An automorphism S of PSL, = E(x, y) is induced by the -- -- 
R-automorphism * if r(T(r)) = T(r*) and J’(P(r)) = P(r*) for all r E o 
(matrices in {x, y)). 
5. EXAMPLE 
Let o = 2 + iZ, the Gaussian integers, and let n be an automorphism of 
PSL, . Here ideals are principal, so the (u of the theorem is yo for some 
y E F, y + 0. Define h: V -+ V by h(w) = YIJ. Then (hg)M = h(%-l&T) = M, 
so hg E G&(M). But it is easy to see that Gg = &, . So one can always choose 
g so that G0 is the restriction of an inner automorphism of PGL,(M). 
Now any R-automorphism * of o is determined on all of oF by its action 
on o. And +. is always an additive automorphism of o. So in the present case * 
is completely determined by its action on the generators 1 and i of the additive 
group of o. Now [2, I.91 shows that g can be chosen so that the R-automor- 
phism which induces P satisfies I* = 1 (this is not hard to show directly). 
And i* = (l/(-i))* = l/(-i)* = -(l/i*), so i* = -& It can always be 
arranged, therefore, that the * which induces r restricts to one of the two ring 
automorphisms of O, a + ib F+ a f ib. It is easy to see that, then, r acts on 
all elements of PSL, in the following way (matrices in {x, y}): 
We have shown that the automorphism group of PSL, is generated by two 
kinds of elements: (1) those induced by inner automorphisms of PGL, and (2) 
those induced by ring automorphisms of o. 
See [I, 3,4] for closely related results. See the bibliography of [2] for other 
references. 
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